OPTIMAL CONDITIONS FOR L°°-REGULARITY AND A PRIORI 
ESTIMATES FOR ELLIPTIC SYSTEMS, II: n(> 3) COMPONENTS 

LI YUXIANG 

Abstract. In this paper, we present a bootstrap procedure for general elliptic systems 
with n{> 3) components. Combining with the L p -L 9 -estimates, it yields the optimal ir- 
regularity conditions for the three well-known types of weak solutions: Hq -solutions, L 1 - 
solutions and L^-solutions. Thanks to the linear theory in Lg(fl), it also yields the optimal 
conditions for a priori estimates for Lj-solutions. Based on the a priori estimates, we improve 
known existence theorems for some classes of elliptic systems. 



1. Introduction 

The aim of this paper is to present an alternate-bootstrap procedure to obtain ir- 
regularity and a priori estimates for solutions of semilinear elliptic systems with n(> 3) 
components. This method enables us to obtain the optimal L°°-regularity conditions for 
the three well-known types of weak solutions: ifg-solutions, /^-solutions and Lj-solutions 
of elliptic systems (for their definitions, see Section 2). Combining with the linear theory in 
L^-spaces, our method also enables us to obtain a priori estimates for Lj-solutions, therefore 
to obtain new existence theorems for various classes of elliptic systems. 

Let ft C R d be a smoothly bounded domain and f = (fx, f 2 , •••,/„): ft x R n -> R n 
be Caratheodory functions. Denote u = («i,w 2 , ••• ,u n ) : ft — > W 1 . Let us consider the 
Dirichlet system of the form 

-Au = f(i,u), in ft, 
u = 0, on 9ft. 

A typical case is 

-A^ = n?=i«f , in ft, 

(i = 

m = 0, on <9ft. 



1,2, ■■■,n) (1.2) 



The existence theory of system (11.11) was raised as an important question in the survey 
paper [Lions] by Lions. Since then, many authors have contributed to this question, see 
for instance O IUFMT1 IFY1 ILotH M, [QS] ITVl [5Z^ [Zo^ and the references therein. 



Since system (11 .ip is generally of nonvariational structure, the proof of existence by fixed 
point theorems is essentially reduced to deriving a priori estimates for all possible solutions. 
There are several methods for the derivation of a priori estimates: (a) The method of Rellich- 
Pohozaev identities and moving planes, see [CFMllFLNj : (b) The scaling or blow-up methods, 
which proceeds by contradiction with some known Liouville-type theorems, sec |BM, ICFMT| 
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\FY\ IGS| ILoul [Sot IZou] and references therein, for the related Liouville-type results, see 
[EMI iBuMl ICMMl H EB |MJ [PQS| EZl EqI Ell [SZ^ and the references therein; (c) The 



method of Hardy-Sobolev inequalities, see (EH |CFM 2 j El ICFSl IGW] . For the detailed 
comments of the above methods, we refer to |QS| , see also a survey paper [S^] . 

Recently, Quittner & Souplet |QS| developed an alternate-bootstrap procedure for deriving 
a priori estimates in the scale of weighted Lebesgue spaces L p s (Q) for system (II. ip (n = 2) 
with 

-h 1 (x)<f 1 <C 1 (\u^ + \u i n+h,(x), 

ui,u 2 el, i60, (1.3) 

-/^i(x)</ 2 <c 1 (| Ml |' ? +| M2 r) + /i 2 (x), 

where p, g > 0, pq > 1, 7, a > 1, Ci > 0, /ii G Lj(O), fr 2 G L e with > d/2. They obtained 
the optimal conditions for L°°-regularities and a priori estimates for L^-solutions. In [L], Li 
developed another more powerful alternate-bootstrap procedure for system (11.11) with 

l/il<Ci(Kl r Kl p + Kr) + ^), _ 

u!,u 2 el. ieO, (1.4) 

i/ 2 i<c 1 (Kn« 2 | s +| W2 n+%), 

where r, s > 0, p, q > 0, > (1 — r)(l — s), 7,0" > 0, Ci > and the regularity of h 
depends on the type of weak solutions considered. Since the bootstrap procedure is only 
based on the L m -L fc -estimates in the linear theories of weak solutions, he obtained the optimal 
L°°-regularity conditions for the three well-known types of weak solutions: i^Q-solutions, L 1 - 
solutions and Lj-so hit ions and the optimal condition for a priori estimates for Lj-solutions 
of system (jl.ip . 

This paper is a continuation of [LJ and mainly concerned with the L°°-regularities and a 
priori estimates of the weak solutions of system (11.11) with n(n > 3) components. Since the 
bootstrap procedure in J] seems not to be generalized to apply to general system (11.11) with 
n(> 3) components, here we develop a new bootstrap procedure for system ( 11.11) with 

n 

\fi\ < +<) + h(x), (1 < i < n) ueR n , xeQ, (1.5) 

3=1 

where Pij > 0, r 4 > (1 < i,j < n), C\ > and the regularity of h will be specified later. 
More importantly, our bootstrap procedure is also only based on the L m -L fc -estimates in the 
linear theories of weak solutions, so we are also able to obtain the optimal L°°-regularity 
conditions for the three well-known types of weak solutions and the optimal condition for a 
priori estimates for L^-solutions of system (II. ip . 

Comparing with the above methods, the advantages of the alternate-bootstrap method 
is obvious. First it only requires an upper bounds of f; secondly it is only based on the 
L m -L fc -estimates in the linear theories of weak solutions, so it can apply to any type of weak 
solutions which have L m -L fc -estimates; thirdly, it can yields the optimal conditions for the 
L°°-regularity and a priori estimates. 

Set P = (p^) be the matrix of exponents. Let I be the unit matrix. We assume that 

Pij >0(l<i,j< n), I — P is an irreducible matrix, \I — P\ < 0, 

(1.6) 

each principal sub — matrix of rank < n — 1 is a nonsingular M — matrix. 

For the definition and some properties of M-matrices, see |BPj . According to the definition 
of M-matrix, all of the principal minors of rank < n — 1 of/ — Pis nonnegative. M-matrices 
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have appeared in the blow-up of solutions of parabolic systems with n components, see 
|LX| ILLXl IWWj and the references therein. 

1.1. Optimal conditions for L°°-regularity. Let a = (ai,a2, •■• ,«„) T be the solution 
of the linear system 

(J — P)a = -1 

where 1 = (1, 1, ■ • • , 1) T . Under assumption (\1.6\i . ctj > (1 < i < n). For n = 2, we have 

Pl2 + 1 - P22 P21 + 1 - Pll 

«i = 7^ tt:; r, «2 



- (1 -Pll)(l -P22)' P12P21 - (1 -Pll)(l -P22)' 

which are related to its scaling properties of system (11.21) (see for instance |CFMT] ) and ap- 
pear for instance in |DE} Wang , IZh] in the study of blow-up for its the parabolic counterpart. 



For the L°°-regularity, we obtain the following theorems. 

Theorem 1.1. (Optimal L°°-regularity for i^Q-solutions) 
Assume that f satisfy (1 1 . 51) with . 

(i) U 

d — 2 d+2 T B,r^\ „ d /- r,\ 

max ctj > , max n < , h G L (U), > -, (1.7) 

ie{i,2,-,n} 4 ' i G {i,2,...,n} d - 2 ' v ; ' 2' v ; 

then any -solution u of system (1i.il) belongs to L°°(Q); 

(ii) If d>3 and 

d-2 . . 

max (Xi < — - — , (1.8) 

ie{l,2,- ,n} 4 

system in B\, the unit ball in M. d , with fi = YYj=i{ u j~^ c j) Pi:i (1 ^ * ^ w ) / or some 
Cj (1 < « < w) admits a positive Hq -solution u suc/i t/iat Ui ^ L°°(B\) (1 < i < n). 

Theorem 1.2. (Optimal L°°-regularity for L 1 -solutions) 
Assume that f satisfy (1 1 . 51) iwii/i (1 1 . 61) . 

(i) // 

max «j > , max < , h G L e (Vt), 6 > -, (1.9) 

i<E{l,2,-,n} 2 ie{l,2,-,n} a — 2 2 

then any ^-solution u of system ( li.il) belongs to L°°(Q); 

(ii) If d > 3 and 

d-2 . 
max «j < , (1-10) 

ie{l,2,-,n} 2 

system in B\, the unit ball in IR d , with fi = YYj=i( u j~^ c j) Fi:i (1 — * — n ) / or some 
Cj (1 < i < n) admits a positive ^-solution u smc/j Ui ^ L°°(Bi) (1 < i < n). 

Theorem 1.3. (Optimal L°°-regularity for Lj-solutions) 
Assume that f satisfy (1 1 . 51) (1 1 . 6j) . 

(i) If 

d — 1 d + 1 9 d + 1 
max «j > , max n < , /i G -L-a(")> f > 1 (1-H) 

ie{l,2,...,n} 2 ie{l,V.»} t/-l' 2 

i/ien an?/ H^-solution u of system (II. ip belongs to L°°(Q); 
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(ii) Ifd>2 and 



d — 1 

max «j < , (1.12) 

ie{l,2,-,n} 2 



there exist functions £ L°°(Q), a\ > (1 < i < n) such that system (I 1 . 7]) witt /j = 
ai YYj=i u j i (1 ^ * ^ n ) admits a positive Lj-solution u swc/i t/iat Uj ^ (1 < 

z < n). 

Our theorems are closely related to the three critical exponents: 

_ j oo if d < 2, 

P5 : ~ \ (d + 2)/(d-2) if d>3, 

J oo if d < 2, 

Pss : ~ \ d/{d-2) if d > 3, 

oo if d < 1, 

(d+l)/(d-l) ifd>2. 

P5 is the Sobolev exponent. p sg and appear in study of /^-solutions and Lj-solutions of 
scalar elliptic equations respectively. Note that 

d-2 1 d-2 1 d- 1 1 



Pbt 



4 ps-V 2 p ag -V 2 pbt -I 

So if we write each critical exponent as p c , the optimal conditions for L°°-regularity of the 
above three types of weak solutions have a consistent form maxj 6 {i >2 ,... , n } a« > l/(Pc~ 1) an d 
max ie{1)2) ... in }ri < p c . 

In order to justify the above relations, let us recall the optimal L°°-regularity for the scalar 
equation 

— Au = f(x,u), in Q, 

K J (1.13) 
u — 0, on <9f2, 

where |/| < C(l + \u\ p ) with p > 1. It is well-known that the Sobolev exponent £>s plays an 
important role in the optimal L°°-regularity and a priori estimates of the iYg-solutions, see 
[FLM IGS1 [JLl [ZZ] and the references therein. Any ^-solution of ffTTBl belongs to L°°(Q) 
if and only if p < p$, see for instance [BK[ [St] . For the L 1 -solutions, the critical exponent 
is p sg . Any L^solution of fll . 13j) belongs to L°°(Q) if and only if p < p sg , see for instance 

[AIESJE]. 

The critical exponent pbt first appeared in the work of Brezis & Turner in [BTJ . They 
obtained a priori estimates for all positive Hq -solutions of (11.131) for p < p BT using the method 
of Hardy-Sobolev inequalities. However the meaning of pbt was clarified only recently. It 
was shown by Souplet [SI Theorem 3.1] that pbt is the critical exponent for the L°°-regularity 
of Lj-solutions of (11.131) by constructing an unbounded solution with / = a(x)u p for some 
a £ L°°(Q), a > if p > pbt- The critical case p = Pbt was recently shown to belong to the 
singular case for / = u p , see jDMP] . also |MR] for related results. Moreover, the results of 
[5] was extended to the case / = u p when p > pbt is close to pbt- 

If we set a = l/(p — 1), i.e., the solution of (p — l)at = 1, the optimal conditions for 
L°°-regularity of the above three types of weak solutions also have a consistent form a > 
l/(p c — 1). For more detailed discussions, we refer to the book |QS 2 [ Chapter I]. 
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Using the bootstrap procedure they developed based on linear theory in L^(Q), Quittner 
& Souplet |QS, Theorem 2.1] obtained similar L°°-regularity condition as Theorem 11.31 (i) 
assuming that /i,/2 satisfy (11.31) . In [Si Theorem 3.3], Souplet proved a similar result 
as in Theorem 11.31 (ii) in the case fi = ai(x)u 2 12 and f 2 = a 2 (x)u^ 1 for some functions 
ai,a 2 G L°°(Q), ai,a 2 > 0. In [Lj, using the bootstrap procedure he developed, Li obtained 
Theorem ll.ltil.3l for system (11.11) with fi, f 2 satisfying (11.41) . From assumption (jl.fip . we 
know that pa < 1 (1 < i < n), so our Theorem I1.1H1.3I (i) for n = 2 is a little weaker than 
those in jL], where only pa < p c (i — 1, 2) is required. 

1.2. Optimal conditions for a priori estimates and existence theorems. Combin- 
ing with the linear theory in L^-spaces, developed in |FSW] . see also [BV], our bootstrap 
procedure enables us to obtain a priori estimates for system fll.il) with f satisfying (11.51) and 

n n 

^fi>-C 2 ^2u,-h 1 {x), ueW n ,xeQ, (1.14) 
i=i i=i 

where C 2 > 0, h\ € Lj(f2). By an a priori estimate, we mean an estimate of the form 



n 

£ 

i=l 



klloo<C (1-15) 



for all possible nonnegative solutions of (11.11) (in a given set of functions), with some constant 
C independent of u. Our main result of the a priori estimates is the following theorem. 

Theorem 1.4. Let f,g satisfy (1 1 . 5\) and i \1.14\ ) with (1 1 . 6|) and II) . Then there exists 
C > such that for any nonnegative solution u of (li.il) satisfying 



J2W U M <M, (1.16) 



i=l 



it follows that u G [L°°(f2)] n and 



i=l 



The constant C depends only on M, Q, P, ri, C\,C 2 . 

Remark 1.1. (11.111) is optimal for the a priori estimates for the Lj-solutions of the system 
(II. ip under the assumptions (11.51) and (11.141) with (II. 6p . see Theorem 11.31 (ii). 

Theorem 11.41 in hand, we are able to obtain general existence theorems for system (II. ip . 
Consider the system (II. ip . subject to (11.51) with (JL6]) and the superlinearity condition 

n n 

^2fi> X^Ui-Cx, Ui >0{l<i<n),xett, (1.17) 

i=l i=l 

where C\ > 0, A > Ai, the first eigenvalue of —A in Hq(Q). 

Theorem 1.5. Assume that f satisfy (li.5p and fli.iTp with (li.61) and (li.iip . Then 

(a) any nonnegative L\-solution u of (1 1 . il) belongs to L°°(Q) and satisfies the a priori 
estimate (\l.lbl) ; 
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(b) system admits a positive L\- solution u if in addition f satisfy 

n n 

^2fi = o(J2 u i)> asu^O+, (1.18) 

i=l i=l 

uniformly in x £ ft. 

For n = 2, under assumptions (11.41) . (11.171) . similar results as the above theorem was 
obtained in jL] , see also |QS[ |CFM 2 [ EJ \FY\ IZou] for more related results. 

The second existence theorem is about the system 

-Aui = ai(x) n™ = i u P / 3 ~ bi(x)ui, in Q, 

(i = 1,2,- •• ,n) (1.19) 

Ui = (J, on <7i2, 

where P satisfies f ll.6p . a;,Oj G L°°(fi), > 0, J^a, > 0, inf{spec(— A + hi)} > (i = 
l,2,---,n). 

Theorem 1.6. Assume that 

d — 1 

max «j > . (1-20) 

ie{l,2,- ,n} 2 

T/ien 

(a) any nonnegative L\-solution u o/ (ji.iflp belongs to L°°(0) and satisfies the a priori 
estimate ([7773]) ; 

(b) system (\1.19f\ admits a positive L\-solution u. 

For n = 2, Theorem 11.41 11.51 and 11.61 were proved in [L] for system (II .ip with /i,/2 
satisfying (jl.4p . A similar result as Theorem II .41 for system (II. ip with /i, / 2 satisfying (11.31) 
was proved in |QS[ Theorem 2.1]. For system (11.21) with n = 2, a similar existence result as 
Theorem 11.61 was proved in |QS] Theorem 1.4] but under more stronger assumptions. 

To the author's knowledge, in order to obtain a priori estimates for system (11.11) with 
n(n > 3) components, conditions such as |f(x, u)| < C(l + |u| CT ) or system (11.11) is of 
variational structure were often assumed. Using a simple bootstrap procedure, Nussbaum 
JN] obtained a priori estimates (11.151) for system (II .ip assuming that |f(x, u)| < C(l + |u|°"), 
where a < d/(d — 1). Also using a simple bootstrap procedure, Cosner [C] obtained a priori 
estimates (11.151) assuming that |f (rr, u) | < C(l + \u\ a ), where a < (d+i)/(d— 1). His results 
are more close to ours. For system (II .ip of variational structure, we refer to |BG[ I5e] and 
the references therein. 

Remark 1.2. Consider system (11.11) with boundary conditions of the form u iu = a^Ui (1 < 
i < n), where a« G K. and u iu denotes the derivative of with respect to the outer unit 
normal on dfl. If, for example, f satisfy 

n n 

}Ji> CiQj Xi(ai)ui) - C 2 , Ui>0, x efl, 

i=l i=l 

where C\ > 1, C 2 > and Ai(aj) denotes the first eigenvalue of — A with boundary conditions 
Ui V = aiUi, then it is easy to deduce that 

rt 

i=i 
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with M independent of u. The proof of Theorem 12.41 (in Section 2) implies (11.151) . Using 
this a priori estimate, we also have a similar existence theorem of L 1 -solutions of system 
(II. ip with Neumann conditions as Theorem II .51 

Applying Theorem 11.61 we have a existence corollary for system (11.21) . 

Corollary 1.7. Assume that (1 1 . 61) and (1 1 . 20f\ hold. Then system (EJj) admits a positive 
classical solution u. 

Using the blow-up method, Zou |Zou2l Theorem 1.1] obtained a priori estimates (I1.15P for 
system (ll.2p assuming that pa > 1, YTj=\Pij — + — 2) + (1 < i < n) and / — P is 
nonsingular. Using the a priori estimate, he obtained an existence theorem for system (11.21) 
with n = 2. See also [Guoj for related results. 

In next two sections, we present our bootstrap procedure. In Section 4, we prove Theorem 
II. mi. 31 In Section 5, we prove Theorem 11.4111.61 



2. The Bootstrap Procedure for System with Three Components 
In what follows we give the definitions of three types of weak solutions of system (II. ip . 



sec 



QS 2 , Chapter I]. 



Definition 2.1. (i) By an i^Q-solution of system (II. ip . we mean a vector u with 
satisfying 

f Vu ■ Vv? = / f(-, u)cp, for all <p G H^ty. 
Jn Jn 

(ii) By an L 1 -solution of system (11.11) . we mean a vector u with 

ue[L\Q)] n , f(-,u)G[LW\ 

satisfying 

/ uAcp = [ f(., u)^, for all y G C 2 (H), tp\ dn = 0. (2.1) 
Jn Jn 

(iii) Set S(x) := dist(x,<9f2) and Lj(Q) := L 1 (f2; S(x)dx). By an L^-solution of system 
(ll.ip . we mean a vector u with 

u G [L 1 (fi)] n , f(-,u)G[LKfi)] n , 

satisfying (12.11) . 

The three types of weak solutions of the scalar equation (11.131) and the linear equation 

— Am = 0, in fi; u = 0, on <9Q, (2.2) 

are defined similarly. According to |BCMR1 Lemma 1], if <fi G Lj(Q), (12.21) admits a unique 
Lj-solution u G L x (fi). Moreover, < C||0|| L i and > a.e. implies u > a.e. 

The most important regularity results for L 1 -solutions of the linear equation (12.21) is the 
following L m -L fe -estimates. 
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Proposition 2.1. (see for instance IQS2 Proposition 47.5]) Let 1 < m < k < 00 satisfy 

112 . , 

Lei u G L 1 (f2) 6e i/ie unique L 1 -solution of //0 G L m (Q), then u G L k (Vt) and satisfies 

the estimate \\u\\ L k < C(Q, 

It is well known that the condition (I2.3P is optimal. For example, let Q = B\ be the unit 
ball. For 1 < m < k < 00, let d/k < 6 < d/m — 2, which follows from 1/m — 1/k > 2/d. 
Then U(r) = r~ e - 1 is the unique Z^-solution of -AU = <p := 9(d - 6 - 2)r' e ' 2 . But 
G L m (5i) and U <£ L k (B l ), see also [QSg Chapter I]. 

Obviously, Proposition 12.11 holds for the ifg-solution °f (E2J). But it is not convenient to 
derive the optimal condition for L°°-regularity of the i^Q-solutions of system (11.11) . We have 
the following L m -L fc -estimates for i^Q-solutions. Let d > 3, set 2* := 2d/(d + 2). It is the 
conjugate number of the Sobolev imbedding exponent, 2d/[d — 2). 

Proposition 2.2. ([Lj Proposition 2.2]) Let 1 < m < k < 00 satisfy 

114 , , 

m k d + 2 y ' ; 

Let u G Hl(Sl) be the unique HQ-solution of (\2.2\i . If G L 2 * m {yt), then u G L 2 * k {Vl) and 
satisfies the estimate ||ii||z, 2 * fc < C(Q,m, k) ||0||£2*m. 

The above proposition in hand, the L°°-regularity of the ifQ-solutions of f II . 1 3 j) with |/| < 
C(l + \u\ p ) with 1 < p < ps follows immediately from a simple bootstrap argument. It is 
much simpler than the usual proof, see [BK[ ISt| QS2]. 

For all 1 < k < 00, define the spaces L k (Q) = L k (Q;S(x)dx). For 1 < k < 00, L k (Q) is 
endowed with the norm 

i/k 

\u\\ L k = ( / \u(x)\ k 5(x)dx 

Note that /^(fi) = L°°(Q;dx), with the same norm ||n||oo- For the Lj-solutions, we have 
the following regularity result. 

Proposition 2.3. (see |FSWj . also |QS[ |QS 2 j ) Let 1 < m < k < 00 satisfy 

Lei n G L x (f2) 6e i/ie unique L\-solution of ( l^.^j) . L/0 G L™(Q), thenu G L^(fi) and satisfies 
the estimate ||n|| L fe < C(Q,m, k)\\<f)\\L m ■ 

The condition (I2.5P is optimal, since for 1 < m < k < 00 and 1/m — 1/k > 2/(d + 1), 
there exists G L™(f2) such that u ^ L^(fi), where n is the unique Lj-solution of (I2.2p . see 
[SJ Theorem 2.1]. 

Remark 2.1. According to Proposition 12. 1(1231 the assumptions of h in Theorem I1.1H1.3I (i) 
are natural. 



In order to give a uniform proof of Theorem ll.lH1.3l (i) , we write the three critical exponents 
Psi Psg, Pbt as p c . Denote B k the spaces L 2 * k (£l), L k (£l), L k (Q,), and || • \\ B k in B k the 
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norms || • ||_£,2*fc, || • ||xfc, || • H^. Note that fl2.3H - fl2.5j) can be written in one form 



1 1 1 

---<-, 2.6 

m k p\ 



where l/p' c + l/p c = 1. The optimal conditions of L°°-regularity in Theorem ll.ltil.3l (i) can 
also be written in one form 

max ojj > l/(pc — 1), max ?-j < p c , h G B 6 , 9 > p'. (2.7) 

i6{l,2,~,n} ie{l,2,- ,n} 

The following theorem is our main regularity result for the three types of weak solutions. 

Theorem 2.4. Assume that f satisfy Q 1 . 5p wift (j i . 6|) and Qff.Tp . T/ien t/iere exists C > 
stzc/i that for any (Hq, L 1 , Lg) -solution u of system fl 1 . ip satisfying 

n 

1Kb* < Mi (A;), for all 1 < jfe < p c , (2.8) 

i=l 

it follows that u G [L°°(fi)] n and 

n 

2J IKIU°° < C- 



i=i 



27ie constant C depends only on M\{k), Q, P, r t , C±. 

In this section we shall first prove Theorem 12.41 for n — 3. The first lemma guarantees that 
there exists an equation for the bootstrap to initialize. We prove the lemma for system with 
arbitrary unknown functions. Denote A J = — \I — P\ctj > 0. According to Cramer's law, A J 
is the determinant of the matrix I — P whose j-column is replaced by 1. Without loss of 
generality, we assume YTj=iVij is the smallest, i.e., for any i : 2 < i < n, ^2j =1 Pij < Y^j=\Pij- 
In the following, C = C(M±, P,ri,Q,C\) is different from line to line, but it is independent 
of u satisfying (I2.8p . For simplicity, we denote by | • |& the norm || • 

Lemma 2.5. Assume that fl 1 . |j) and (2.7) hold and Y^=iPij ^ s the smallest. 

(1) If ai is the largest, then Yl^=iPij * s same for 1 < i < n; 

(2) If there exists i : 2 < i < n, such that YTj=iP^j < Y^l=xPv> ^en a\ can't be the 
largest; 

(3) YTj=iPij <Pc- 

Proof. According to the Cramer's law 

( Pu - 1)A* + Pl2 A 2 + ■■■+ p ln A n = -\I-P\. 
If «i is the largest, then 

n 

(j^pn - m 1 > -\i - p\. (2.9) 
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On the other hand, 

n n n 

-\I-P\ = C^Pij - l)A n + (J2p2j -1)A 21 + ■•• + (J2 P nj -l)A nl 

j=l j=l j=l 

n n 

> (Etoj-l^Aa (2.10) 

j=l i=l 
n 

= 5>y-l)A\ 

3=1 

where An is the algebraic minor of rank= n — 1 of I—P at (i, 1). According to the assumption 
(11. 6p . An > for all % : 1 < % < n, so (12.101) holds. Therefore we have 

(^Pii-ijA^-ii-n 

3=1 

So " = " in (12.101) holds, which implies (1). If the condition in (2) is satisfied, then " > " in 
(I2.10p holds, which is contrary to (12. 9p . Thus «i can't be the largest. 
For (3), we note that (12.101) holds for any A J , 1 < j < n, i.e., 

n 

~ < ~\I ~ P\- 

3=1 

So we have 

n 



~ < -I 1 ~ p \- 



3=1 

Thus (T22D implies (3). □ 

If Lemma 12.51 (1) holds, the boundedness of u is easy to obtain. In fact, we have the 
following lemma. 

Lemma 2.6. Under the assumption of Theorem \2.4\ if Lemma \2.5\ (1) holds, then the 
conclusions in Theorem \2.J\ hold. 

Proof. By Lemma [2.51 (3), we have 

A := Y!j=iPij <Pc 1 <i <n. 

So there exist 

k : A\/ r < k < p c , 
r] : r] > 1, close to 1, 

such that 

A\/ r 1 1 
k rjk p' c ' 

where r := maXjg/i^,... n i r^. Multiplying the LHS by l/rj m , we also have 

Ayr 1 1 
r] m k r) m+1 k p' c ' 
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For m > 0, set 



1 A 1 r 

— = — r< 1 > — = — r < L 

For m large enough, we have p m /\ Q m > p' c - E)enote m = min{m : p m A g m > p' c }. We claim 
that after m -th bootstrap on system (11. II) . we arrive at the desired result Yli=i \ u i\l°° — @- 
According to (12.81) . we have \u,i\k < C for all 1 < % < n. If m = 0, we can take k such that 
p' c < p A f?o = fc/[AVr] < Then applying Proposition I2.11T2~3| using the i-th equation of 
system (11.11) . we obtain for all 1 < i < n 

n 

< c(i n i M ii pij ipoA, + ikpLAeo) + ^ 



PC)A£>0 



i=i 

n 



< c-(inK-i^u+n« 



1 1 I QO 



3=1 



< cfllW + kl r fc l + i) 

< C. (2.12) 

Now we consider mo > 0. If we have got the estimate Iwil^fc < C (1 < i < n) for some 
< m < m , then applying Proposition 12. 1112731 using (12. lip and the i-th equation of system 
(II. ip . we obtain for all 1 < % < n 



J I I Pm Aq m 1 II t I I f J m'^Um ) + \h\ I'm Aq in 

uj\ pi] \ Pm + iKri^+i) 

v .\ Pi i _L \ v .\ri i ]) 

< C. (2.13) 

So we have kl^ofe < C for all 1 < i < n. We can take m : m — 1 < m < m such that 
Pc < Pm A g m < 0. A similar argument to (12.121) yields |itj|oo < C for all 1 < i < n. □ 

Remark 2.2. If, instead of (12. 7p . we assume that Y^j=iPij < Pc f° r all 1 < i < n, as in 
[Cj Z0U2 , from the above lemma, we immediately have |uj|oo < C for all 1 < i < n. 

In the following we consider the case where ai isn't the largest. Without loss of the 
generality, we assume that a 3 is the largest. So according to (12.71) . we have 



1 k < 




< 


n 

can 




3=1 


< 


n 




3=1 


< 


n 

am 

3=1 



a 3 > l/(p c - 1). 



(2.14) 
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From Lemma 12.51 (3), there exist k : (pu + p 12 + P13) V r x < /c < p c and &i : ki > p c such 
that 

(Pn +P12+P13) Vfi _]_,,]_ 
k k x p' c 

Applying Proposition 12. ltl2T31 and the first equation of system (11.11) . similar to (I2.13P (i — 1), 
we have \ui\ki < C . However, the result is not sufficient for the bootstrap on other equations. 
In the next lemma, we shall use only the first equation of system (11.11) to improve the 
integrability of u\. The improved integrability of u\ is sufficient for the bootstrap on other 
equations. 

Lemma 2.7. Let k* be the solution of 

Pn + P_u±P R _l = ^ (215) 
k* p c k* p' c 

(1) If k* is positive, then k* > p c and, for any 1 < ki < k* , we have < C; 

(2) If k* = 00, then for any 1 < k\ < 00, |«i|fc a < C; 

(3) If k* is negative, then \ui\oo < C. 

Proof. (1) According to Lemma [2.51 (3) and the definition of k*, for any K : p c < K < k* 
sufficiently close to k*, there exist k : (p u + p i2 + Pn) V r\ < k < p c , such that 



PU Pl2 + Pl3 _ 1 < j_ 

k k k p' c " 

Pll P\2 + Pl3 _ J_ j_ 

if fc K p> c ' 



(2.16) 



and 



T - -<_--. (since p n <l) (2.17) 



We construct a sequence {K m : m > 1} such that 



K m-1 R m v fc fc ' v Jy K K 

m = 1, 2, • • • 

where r : < r < 1 will be determined later. From (I2.17p . we know that h m is increasing. 
Since k < p c < K , there exists r : r < 1, close enough to 1, such that 

1 Pll ,P\\ 1. ^ wftl 1 \ 1 

lo = T- Ti T-k ) - {1 - T)i l<-K )> K- 

Therefore, it is easy to verify by the induction method that 

> — for m = 2, 3, • • • , 



K m K 

which implies that {K m : m > 1} is a positive sequence. According to the construction, the 
positivity of the sequence implies that {K m : m > 1} is an increasing sequence. Obviously, 
K m — > K as m — > 00. From (12.161) and the construction of f^ m , we have 

P11 , P12 +P13 11 . n , 1a s 

< — , m > 1. (2.18) 
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We can assume that {K m : m > 1} also satisfies 

ri 1 1 



K m < p' c 



m > 1. 



J^m—1 

Otherwise, we can construct another increasing sequence {L m : m > 1} such that 

ri 1 1 

Jjm—\ Jjm 



(2.19) 



" Pc' 



For example, we can set L m = A — r m (A — k) (m > 1), for r < 1, close enough to 1. 
Inserting {L m : m > 1} into {A m : m > 1}, we can get an increasing sequence, also denoted 
by {K m : m > 1}, which satisfies (LTTBj) and (12~TT9"D . 
Set 



1 

Pm 



Pii P12 + Pl3 



Note that 



A' 
1 



<1, — 

Qm 



n 



< i, 



> 



Pll 



Pig + Pl3 J_ 
Pc' 



Pc 



So p m A g m < p' c < 9. Then 



Pmf\Qm 



< C\h\ 



< C for all m > 0. 

We already have < C, | ^2 1 fc < C> \u3\k < C from (12.81) . If we have got |ui|ifm < C 
for some m > 0, applying Proposition 12. Ill2~3l using (12. 18ft . (12.191) and the first equation of 
system (11.11) . a similar argument as (12. 13ft (i = 1) yields that luiljfm+i < C. So, for any 
integer m > 0, there holds < C Noting K m — > A, (1) is proved. 

(2) The above proof is also valid for any A sufficiently large. 

(3) The negativity of k* implies that p 12 +P13 < p c /p' c , so for A large enough, there holds 



P11 P12 + gig 
A p c 



< — , 



T\ 1 



For such A, there exist 



Pc' ^ Pc 

(Pn + P12 + P13) V T\ < k < p c such that 



P11 P12 + P13 
k k 

P11 P12 + P13 
A fc 



1 1 

k p'c 

1 1 

A < p 7 c - 



Let {A m : m > 1}, p m , g m be as in (1). For m large enough, we have p m A g m > p' c . Denote 
m = min{m : p m A g m > p' c }. We claim that after m -th bootstrap on the first equation of 
system (II. ip . we arrive that < C. The argument is similar to that of Lemma T2.61 We 

omit it. □ 

We first consider the case where k* is positive, which implies that pu + P13 > Pc/p' c - A 
careful computation yields 



1 - Pll 


Pl2 + Pl3 


-P21 


P22 + P23 - 1 




1 


-Pll 1 








-P21 1 





< 



\I-P\ 

"A3 



«3 Pc 



which is proved in Lemma I3.1[ is equivalent to inequality 

P21 P22 + P23 < 1 
k* p c 



(2.20) 
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From this inequality, there exist kx : p c < kx < k*, k : r 2 < k < p c and k 2 : k 2 > p c such that 

P21 | P22 +P23 ^ 1 P21 | P22 + P23 L < i _ J_ < J_ 

fci fci k 2 p'^ k k 2 p' c 



Setting 



1 _ P21 1 P22 + < 1 i_^ <1 

p kx k q k 



applying Proposition 12. 1112731 a similar argument as ( 12.131) (i — 2), we have |w2|fc 2 < C So the 
integrability of U2 is improved. However, generally, the estimates \u\\hi < C and | w 2 1 fe 2 < C 
are not sufficient for the bootstrap on the third equation. The next lemma asserts that, using 
only the first two equations of system (jl.ip . the integrability of u\ and u 2 can be improved 
for the bootstrap on the third equation. 

Lemma 2.8. Let (kl, k 2 ) be the solution of the following linear system 

P12 P13 _ 1 -P11 = J_ 

ki v. K 4; 

P21 P23 _ 1 -P22 _ J_ 

k{ p c k* 2 p' c ' 

(1) IfO < k*, k 2 < 00, then k{ > k*, k 2 > p c and, for any 1 < kx < k*, 1 < k 2 < k%, we 
have \ui\ kl , \u 2 \ k2 < C; 

(2) If k\ or k 2 is negative, then |wi|oo < C or \u2\00 < C. 

Proof. (1) We first consider < k*, k 2 < 00. A simple computation yields kl > k*, k 2 > p c - 
Fix any K 1 : k* < K\ < kl sufficiently close to kl and K 2 : p c < K 2 < k 2 sufficiently close 
to k 2 such that 



P12 _ 1 -Pn P12 _ 1 

K 2 K x k* kl ' 

P21 _ 1 -P22 P21 _ 1 -P22 

Kx K 2 k* k* ' 

due to P12P21 < (1 — Pn)(l — P22)- According to the definition of kl,k 2 , there exists k : 
r i V r 2 < k < p c close enough to p c such that 

(2.22-1) 
(2.22-2) 



P12 


+ 


Pl3 


1 -Pll 


1 

< — 

P'c 


K 2 


k 


Kx 


P21 


+ 


P23 


I-P22 


1 

< — 

Pc 


Kx 


k 


K 2 



For such k, (12.151) and (12.201) imply that there exist kx ■ p c < kx < kl close enough to kl such 
that 

Pu + Pn _ l^Pn < 1. (2 _ 23 _ 1} 

k k kx p c 

P21 + P23__ 1 -P22 < ]_ ^ 23 _ 2 ^ 

kx k k p'c 
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For Ki, K 2 close enough to K£, respectively, we also have 

k\ k k\ Ki K 2 K\ 

^I + ^_I<^I + ^_1_ ( 2 24-2) 

h + k k Ki K 2 K 2 [Z - Z4Z) 



Let (K™, K™) be the sequence constructed below: 

Pll Pl2 1 

-1 ' 



R rn-1 KJ n R m 

rafPll ,Pl2 1 U /, m wPll Pl2 1 N _ 

P21 P22 1 



+ 



K™" 1 K™- 1 K™ 

m/P21 P22 mwP21 P22 1 \ — t 

= r ( 17 + X"fc ) + (1 - r )( ^ + ^"^ ) = u 

AT° = k u K% = k 
m= 1,2, ••• 

where r : < r < 1 will be determined later. (l2.24-ll) - (l2.24-2p implies that h m , l m are 
increasing. A simple computation yields 

1 P21 P22 _ , 



1 _ Pll + P12P2I P12P22 



m-1 + j^m-1 Pl2*m ^mj 



m = 1,2, ••• 



from which we can deduce that 



1111 

> TT", T^T > m = 2,3, 



iff ifi' if 2 m X : 
if 

1111 

A small perturbation of the definition of K\,K\ with respect to r = 1 gives the above 
inequalities for r : r < 1 close enough to 1. Since K™, K™ > and h m , l m are increasing, from 
the definition, we know that K™, K™ are also increasing. Furthermore, K™ — > K\, K™ — > 
as m — > 00. 

Interpolating between (12.22-ip and (12.23-11) . 02.22-21) and ( 12.23-20 . we have 

Pll T + ^ + ^-^<I, (2.25-1) 



P_2 1 



Pl2 
#™ 


Pl3 


1 


1 


k 


Pc 


P22 


P23 
k 


1 


1 

Pc 


K™~ 1 


i^2 m 



^zz + £^ _ _ _ , 2 25 _ 2) 

to— 1 r^m— 1 TSm, „/ ' \ / 
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for all m > 1. Similar to Lemma [2.71 (1), we also assume that 



n 


1 


1 

< - 

Pc 






r 2 


1 


1 


K™- 1 





for all m > 1. 

Set 



J_ Pll P12 , Pl3 -. J_ 7-1 1 



1 _ P21 | P22 | P23 1 1 _ ?"2 
Pm if]" ^ 1 ^ ^ m -^2™ 



Note that 



_L > En. + ^ + Eh > J_ J_>^i + ^ + PHi>J_ 

Pm ^* ^2 Pc P'c pm ^2 Pc Pc 

So p m A g m < p' c < 9 and /x m A v m < p' c < 9. Then 1%^™, \h\ PmAQm < C\h\ e < C for all 
m > 0. 

We already have < C from Lemma [2.71 and | w 2 1 fc < C ; l^alfe < C from (12. 8p . If we 

have got < C an d \u 2 \k™ < C for some m > 0, applying Proposition 12.111231 using 

( I2.25-2P and the second equation of system (ll.ip . a similar argument as (12 . 1 3[) = 2) yields 
that l^l^"^ 1 < C and, using (12.25-ip and the first equation, we obtain |wi|^-m+i < C. So, 
for any integer m > 0, there holds |wi|iq™ < C and | W2 Ik™ < C- Noting — > K\ and 
X™ — > K 2 , (1) is proved for < k*, k* 2 < 00. 

If A;* = 00 or k\ = 00, the above proof is valid for any K\ or K 2 sufficient large. 

(2) If k\ is negative, we necessarily have 

Pc 

(1 - p 2 2)Pl3 + P12P23 < — (1 - P22 + Pl2)- (2.26) 

Pc 

If k\ is negative, we necessarily have 

Pc 

P21P13 + (1 - P1OP23 < -7(1 - Pll + P2l)- (2-27) 

Pc 

Without loss of generality, we assume k\ is negative. From f)2.26p . there are three possibilities: 

P13 < Pc/p'c P13 > Pc/p'c or P13 = Pc/p'c- 

Case I. pi 3 < Pc/p' c - Let K 2 be the positive solution of 

Pl2 | Pl3 _ 1 

K* p c p' c ' 
Since p\ 2 + pi 3 > p c /p' c , we have K% > p c . The inequality 
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is equivalent to (I2.26p . So there exist K 2 : K 2 > K 2 sufficiently close to K\ and k : r\ Vr 2 < 
k < p c sufficiently close to p c such that 



Pl2 


+ 


Pl3 


1 

< — 




k 


P22 


+ 


P23 


1 


K 2 


k 


~K~2 



< 



Pc 



For such K 2 fixed, take K\ large enough such that 

Pn P12 P13 n_ j_ 

K 2 fc j/ c ' j/ c 

P21 P22 P23 1 1 
K\ Ki k K 2 p' c ' 

So we also have fl2. 22- ( 152521) . 

Let (K™, K™) be as in (1). In order for (h m , lm) to be increasing, (12 .24- II) -( 12^21) should 
be satisfied for i^i = 00. In fact, when k = p c ,k\ = k*,K 2 = K 2 , ( 12.24-11) is equivalent 
to the equation defining k* and (12.24-21) is equivalent to pi 2 + pi 3 > p c /p' c - Then a small 
perturbation for these parameters will gives the desired inequalities. Let p m , g m , fi m , v m be 
as in (1). Since K™ — » K\ as m — > 00, for m large enough, we have p m A g m > p' c . Denote 
m = min{m : (p m A g m ) V (p m A z/ m ) > p' c }. We may assume that p mo A £ mo > p' c . We 
claim that after mo-th alternate bootstrap on the first two equations of system (11.11) . we 
shall arrive at the desired result |«i|oo — C. The argument is similar to Lemma [2.61 

Case II. pi 3 > Pc/p' c - In this case we necessarily have k 2 < 0, i.e., (I2.27P is satisfied, since 
P12P21 < (1 — Pn)(l —P22)- Let K{ : K* > k* be the positive solution of 

P13 _ 1 - Pn _ J_ 
p c K* p' c ' 

The inequality 

P21 P23 < 1 

K{ p c P'c 

is equivalent to (I2.27p . So there exist K\ : K\ < K\ sufficiently close to K\ and k : t\ Vr 2 < 
k < p c such that 

Pll Pl3 11 

K 1 k K x pf c ' 
P21 P23 j_ 
ifi ^ 

For such fixed, take i^ 2 large enough such that 

Pll Pl2 Pl3 11 

K x K 2 k K x p^ 

P21 P22 P23 1 ^2 1 
K 2 fc p' c ' K 2 p^" 

So we also have (l2.22-ll) - fl2.22-2p . 

Let (il"r, ii~ 2 m ) be as in (1). In order for (h m , l m ) to be increasing, fl2.24-ll) - fl2.24-2p should 
be satisfied for K 2 = 00. In fact, when k = p c , k\ = k*, K\ — K^, (12.24-ip is also equivalent 
to the equation defining k* and (I2.24-2P is equivalent to pi 2 p 2 i < (1 — Pn)(l — P22)- Then a 
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small perturbation for these parameters will gives the desired inequalities. Let p m , g m , // m , v m 
be as in (1). Since K™ — > K 2 as m — > oo, for m large enough, we have fi m f\v m > p' c . Denote 
m = min{m : (p m A g m ) V (/i m A z/ m ) > We may assume that /i mo A u mo > p' c . We 
claim that after m -th alternate bootstrap on the first two equations of system (II. II) . we 
shall arrive at the desired result |«2|oo < C. The argument is similar to Lemma [2.61 

Case III. pi 3 = Pc/ p'c- The proof is similar to Case II. The difference is that we can take 
K\ to be arbitrary large. □ 



Lemma [2.71 and Lemma [2.81 in hand, we can prove Theorem 12.41 for n = 3. 
Proof of Theorem \2-4\ for n = 3. 



Case I. k* or k\ or k 2 is negative. From Lemma [2.71 and 1 2.81 we know that \ui\oa < C or 
\u 2 \oo < C. We assume that |wi|oo < C. Then / 2 , f$ satisfy 



\h\< 
\h\< 



< C(\u 2 \ P22 \u 3 \ P23 + \u 2 \ r2 ) + h(x), 
<C(\u 2 \ P23 \u 3 \ P33 + \u 3 \ r3 ) + h(x), 



u, v e E, iGfi, 



We consider the system formed by the second and third equations of system (11. ip . According 
to fll.6p . there hold p 22 < I, P33 < 1 and P23P32 < (1 — P22XI - £33)- From [Q Theorem 2.7], 
we obtain IW2I00 < C an d |«3|oo < C- 

Case II. k*,k\,k 2 is nonnegative, and one of them is 00. From Lemma [2.71 and 1 2.81 we 
know that \ui\kx < C or \u 2 \k 2 — C f° r & U 1 — ki,k 2 < 00. We assume that < C for 

all 1 < ki,k 2 < 00. Noting that ^21/^1,^31/^1 "C 1 for sufficiently large ki, from the proof 
of [Q Theorem 2.7], we also obtain |w2|oo — C and l^loo < C. Then a simple bootstrap 
argument on the first equation gives |«i|oo < C- 

Case III. k*,k*, k 2 are all positive. A careful computation yields that (12.141) is equivalent 

to 

T^ + l? + — <L (2-28) 

^1 ^2 

Combining with the definition of kl,k 2 , there exist ki : r\ < k\ < k*, k 2 ■ r 2 < k 2 < k 2 , 
k 3 : r 3 < k 3 < p c and 77 > 1 close to 1 such that 



Pu P12 P13 

P21 | P22 | P23 

PU | P32 | P33 

fcl fc 2 fc 3 

P31 J£32 J£33 < 1 

/Ci fc 2 fc 3 



1 


1 

< -7, 


n 


1 


1 

< — 

P'c 




h 


V k i 


1 


1 

< - 

Pc 


r-2 


1 


1 

< - 

Pc 


77/^2 


k 2 


r)k 2 


1 


1 

< - 

Pc 


r 3 


1 


1 

< -7, 


77/C3 


h 


r?fc 3 



(2.29) 
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Multiplying LHS of the above inequalities by l/i]™, we have 

Pn P12 Pis 1 1 

™ i 1 7 ™ I 1 7 ™ I 1 7 "~ 



?7 m /ci r] m+1 k 2 r] m+1 k 3 7] m+1 kx p' c ' 

n l l 
< — , 



r} m k x r] m+1 k x p' c 
P21 P22 P23 1 < 1 



rj m ki r] m k 2 rj m+1 k 3 T] m+1 k 2 p' c 



c 



r 2 1 1 

< — 



r] m k 2 r] m+1 k 2 p' c 

P31 P32 _P33 1 < 1 



rj m ki r] m k 2 rj m k 3 r] m+1 k 3 p' c 



c 



r 3 1 < 1 



7] m k 3 r] m+1 k 3 p' c 



for all integer m > 0. 
Set 



(2.30-1) 



(2.30-2) 



(2.30-3) 



1 _ Pu | Pig gig 1 1 _ n ^ 1 

1 _ P21 P22 P23 < 1 1 _ r 2 1 

Mm ?7 m &i ?7 m &2 V m+1 h ' ^ m ^2 

1 _ P31 P32 P33 < 1 J_ = _J3_ < 1 

Pm ^ m ^l ^2 »7 m ^3 ' Qm r} m k 3 

Since 77 > 1, for m large enough, we have Cm A £ m > p^., /i m A u m > p' c and p m /\ Q m > p' c - 
Denote m = min{m : (Cm A £ m ) V (/i m A z/ TO ) V (p m A p m ) > p' c }. We may assume that 
Pm A £> mo > p^.. We claim that after mo-th alternate bootstrap on system (jl.ip . we shall 
arrive at the desired result 1 113 loo < C. The argument is similar to Lemma [2.61 we omit it. 
Then Theorem 12.41 follows from a similar argument in Case I. □ 

Remark 2.3. Theorem 12.41 can be extended to the case where \I — P\ > 0. In this case 
maxjai, a 2 , a 3 } > \/{p c — 1) in (12. 7ft should be replaced by — \I— P\ < {p c — 1) maxjA 1 , A 2 , A 3 }, 
which is automatically satisfied since A 1 , A 2 , A 3 > 0. Noting that (12.281) is equivalent to this 
condition, the proof is word by word the same as the proof of Theorem [27 



3. The Bootstrap Procedure for System with n(n > 4) Components 

According to Lemma [2.5[ we may assume that a n is the largest. We first prove a lemma 
which asserts that the bootstrap on one equation by one equation is possible. For 2 < r < n, 

set 

/ 1-pn -P12 ■■■ -Pi,r-i ~Y?L r Pij \ 

q _ -P21 1-P22 ■■• -P2,r-1 -Y J j= r P2j 

\ ~Pr,l -Pr,2 ■■■ -Pr,r-1 1 ~ E"=r Prj J rxr 

Let A J r be the determinant of the matrix Q r whose j-column is replaced by 1. 
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Lemma 3.1. Without loss of generality, assume that for all 2 < r < n, 

H <K, 1 < 3 < r ~ 1. 



Then 



A 2 
Yi 2 



A! 



Proof. We only prove 



■10 



ra-1 



An-1 



< 



A;; 

-IQnl 
A" 



Or, 



<Pc- 1. 



According to Cramer's law, we have 



So we have 



■|Qr 



(i-pn)Ai 

-p 2 iA* + (1 


- Pl2^ n - ■ ■ 


■'PinK = \Qn\ 
P 2nAl= \Qn 




-Pn-l,l A n " 




Pn— ljnAyj |Qn|- 


•■■ 


~Pl,n-2 
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(3.2) 



An— 1 ni 
1V n-l 

since the coefficient of A™ -1 is negative. The proof of other inequalities is similar. If (13. ip is 
not satisfied, we have other line of the inequalities. □ 



Proof of Theorem \2-4[ Let 1 < r < n — 1 and, let (/ — P) r xr be the principal sub-matrix 
of rank= r formed by first r rows and first r columns. Denote 

sr^n \r^n \r^n 

1 2^ij=r+lPy 1 2^ij=r+lP^j 1 A~ij=r+lPrj , T 



B r 



^P'c 



Pc 



Pc 



Pc 



Pc 



Pc 



Let X r = (k* 1} k* 2} • • • , k* r ) be the solution of the following linear system 



Case I. k u , the solution of 



(/ P^) rxr X r — B r . 



Pn + Er= 2 Pij _ J_ = J_ 

^11 Pc fell Pc 



(3.3) 
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is negative. Similar to Lemma 12.71 (3), we can prove that ||wi||oo < C. From (ll.6p . the 
matrix (/ — P)\, which is / — P without first row and first column, is a nonsingular M- 
matrix. According to Remark 12. 3^ we can assume that Theorem 12.41 holds for system (11.11) 
with n — 1 components if \I — P\ > 0, where P is its exponent matrix. Therefore Theorem 
12.41 holds for system (11.11) with n components by the induction method. 

Case II. = oo. Similar to Lemma |2~81 (2), it can be proved that HmiH^ < C for all 
1 < ki < oo. Noting pn/ki < 1 (i ^ 1) for k n large enough, a similar argument as in Case 
I yields Theorem 12.41 

Case III. There exists ro : 2 < ro < n — 1 such that k* Q s < for some 1 < s < r and, 
< k* s < oo for all r < r . Similar to Lemma [2T7I (3). it is can be proved that ||wi||fci < C for 
all 1 < k\ < k\ v Using this result and — IQ2I/-AJ < Vc~ 1, the first inequality of (13.21) . similar 
to Lemma ESI (1), it is can be proved that HmiH^ < C for 1 < ki < k\\ and H^Hfe, — C 
for 1 < k 2 < k\ % . Step by step, using the inequality (13.21) and the previous result, similar to 
Lemma [2.8[ we can prove that 1 1 1 1 ^ < C for 1 < ki < k* Q _ li , 1 < % < tq — 1. Using this 
result and the ro-th inequality of fl 3 . 2 j) . similar to Lemma [2.81 (2), it is can be proved that 
there exists i$ : 1 < «o < r o such that ||wj ||oc < C A similar argument as in Case I yields 
Theorem 12.41 by the induction method. 

Case IV. There exists r : 2 < r < n — 1 such that k* o s > for all 1 < s < r , 
k* s = 00 for some 1 < s < r and, < k* s < 00 for all r < r . Using the inequality (13. 2p . 
by similar arguments as in Case III and Lemma [2.81 (1), it can be proved that there exists 
io ■ 1 < io < r such that \u io \ kiQ < C for all 1 < k io < 00. Noting p i)io /k io < 1 (i ^ i ) 
for ki large enough, a similar argument as in Case I yields Theorem 12.41 by the induction 
method. 

Case V. < k* s < 00 for all 1 < r < n — 1, 1 < s < r. Using the inequality (13. 2p . by 
similar arguments as in Case III and Lemma I2TS1 (1). it can be proved that for 1 < i < n — 1, 
\ u i\ki < C for any 1 < ki < k* ni . From (13.31) with r = n — 1, there exist k\ : p c < ki < k\, 
k 2 : p c < k 2 < k%, ■ ■ ■ , k n _i : p c < k n _\ < k^_ 1} k n : r n < k n < p c and 77 > 1 such that 
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In fact, the last inequality with ki = k* ni (1 < ileqn — 1) and k n = p c is equivalent to 
oc n > Pc — 1- So it is just a small perturbation with respective to k* ni . The rest inequalities 
are small perturbations of system (13.31) . Multiplying LHS of the above inequalities by l/i] m , 
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we have 



Pn P12 Pis Pin 1 }_ 



n 11 
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(3.5-1) 



(3.5-2) 



(3.5-3) 



(3.5-4) 



for all integer m > 0. 
Set 

1 _ gjl _Pii_ Pin < 1 1 _ Tj 1 

Since r\ > 1, for m large enough, we have p l m f\ Q l m > p' c for all 1 < i < n. Denote 
m Q = min{m : max{p^ A g l m : 1 < i < n} > p' c }. We may assume that pj^ A £>™ > p' c . We 
claim that after mo-th alternate bootstrap on system (11.11) . we shall arrive at the desired 
result |w n |oo < C . The argument is similar to Lemma 12.61 we omit it. Then a similar 
argument as in Case I yields Theorem 12.41 □ 



4. REGULARITY 

In this section, we prove Theorem I1.1H1.3I 
Proof of Theorem 11.11 

(i) If d — 1, 2, the L°°-regularity of i^Q-solutions follows directly from the Sobolev imbed- 
ding theorem and Proposition 12.11 If d > 3, since u G [i/^fl)]' 1 , we have (12. 8p from 
the Sobolev imbedding theorem. Then the L°°-regularity follows from Theorem 12.41 with 
p c = (d+2)/(d- 2) and B 1 = L 2 *(fi) according to ([LTD . 

(ii) Let Ui = Ci(\x\~ 2ai — 1) (1 < i < n), where q are determined by YYj=i ^j 3 = ^ c i a i(d ~ 
2 - 2«j), j = 1,2, • • • ,n. Since a* < (d - 2)/4 < (d - 2)/2 (1 < % < n), we have q > 0. 
Obviously, for all 1 < % < n 

n n 

-Au, = 2 Cl a t {d - 2 - 2ai)M~ 2ai ~ 2 = J]/ • x ->-, = JJ( Mj + Cj ) pi ' . 

3=1 3=1 
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It is easy to verify that u is an Hq -solution of system (jl.ip in B\ with /j = rij=i( M :? + c j) Pi:i ■ 
□ 

Proof of Theorem 11.21 

(i) If d = 1,2, the L°°-regularity of /^-solutions follows directly from Proposition 12.11 If 
d > 3, since f(-,u) G [L 1 (f2)] n , we have (12. 8p from Proposition 12. 1[ Then the L°°-regularity 
follows from Theorem 12.41 with p c — d/(d— 2) and B 1 = L 1 (fi) according to (ll.9p . 

(ii) Since aij < (d — 2)/2 for all 1 < i < n, u constructed in the proof of Theorem 11.11 (ii) 
is also a L 1 -solution of system (11.11) in B\ with /j = rij=i( u j + c i) p ' J - I— ' 

Proof of Theorem 11.31 

(i) If d = 1, the L°°-regularity of Lj-solutions follows directly from Proposition 12. 3[ If 
d > 2, we have (I2.8P since f(-,u) G [L](f2)] n from Proposition 12.31 Then the L°°-regularity 
follows from Theorem 12.41 with p c = (d + l)/(d — 1) and B 1 = Lg(Q) according to (11.111) . 

(ii) Assume that G dQ. Let — 1 < 9 < (d — l)/2. Let Ex be a revolution cone of vertex 
zero and E := Si n B R G 0, for sufficiently small R > 0. Then = l^-^+^ls G Lj(fi) 
and according to [Sj Lemma 5.1], the solution U > of ( 12.2ft satisfies £/ > C|o;|~ 26, 1e. Let 
a = (aii, ct2, • ■ ■ , a n ) T be the solution of the linear system 

(I -P)a = -1. 

By assumption (11.121) . we have < a* < (d - l)/2 for all 1 < % < n. Set fa = |x|~ 2(Ql+1) l s , 
and Ui > be the corresponding solutions of (12.21) . We have it, ^ and 

n 

\[uf > C t \x\- 2 ^U^)lz = C|x|- 2 ^ +1 )l E = Qfa. 

3=1 

Setting aj(x) = fa/(Yl™ =1 u p ^) > for 1 < i < n, we get 

-Aut = fa = cti(x) Yl] =1 u p '\ in ft, i = l,2,---,n, 
and a,i(x) < 1/Cj for 1 < % < n; hence aj G L°° for 1 < i < n. □ 



5. A PRIORI ESTIMATES OF Lj-SOLUTIONS AND EXISTENCE THEOREMS 

In order to prove Theorem 11.41 we recall a special property of the Lj-solutions, which is a 
consequence of Proposition [273| see |QS[ Proposition 2.2, 2.3]. 

Proposition 5.1. Let u be the L]-solution of system (1 1 . 1\) with f satisfying ( | 1. 14\j and let 1 < 
k < Pbt ■ ThenuE [L$(Q)] n and satisfies the estimate ^2^=1 \\ u i\\ L k ^ C(fl,k, 02)^^=1 IWiWi 1 



Proof The proof is similar to that of QS Proposition 2.2]. Let tpi(x) be the first eigenfunc- 
tion of —A in Hq(Q). Recall that 



c\8(x) < (pi(x) < c 2 5{x) ) x G Q, 
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for some Ci, c 2 > 0. We have 



I y^l/tlVi = / y"|Aui|v?i = 2 / V((AMi)+)v?i - / ^iVAh,; 

■'n i=l ^ i=l J n i =1 i=1 

„ n „ n 

< 2 / (C*2 Mj+ + h + )(f \ + Ai / ^ 

< c(n,c 2 )(J2\\ u i+\\Li + \\h+\\ L i) 



i=l 
n 



< c(n,c 2 )C£\Wi\\Li + \\hhi). 

i=l 

Applying Proposition 12.31 with m — 1, we have 

n n 

<c(n,k,c 2 )J2 



i=l i=l 



□ 



Proof of Theorem 11.41 

Since f satisfies (11.141) . from Proposition 15.1} (12. 8p can be deduced by (jl.lfip . So this 
theorem follows immediately from Theorem 12.41 with p c = (d + 1) / (d — 1) and B 1 = Lg(Jl) 
according to (11.111) . □ 

From Theorem II A\ in order to obtain the a priori estimate (11.151) . we only have to obtain, 
for all Lj-so hit ions u of system (11.11) . ^™ =1 H^Hl* < M for some M independent of u. In 
the following we give some propositions which assert the a priori estimate (I1.15p . 

Proposition 5.2. |QS, Proposition 3.1] Iff satisfies (1.17) with A > Ai, then any nonneg- 
ative L\-solution of system (li.jp satisfies (\1.16} with M independent o/u. 

The following proposition gives the uniform Z^-estimates of the L^-solutions of system 
(PI). 

Proposition 5.3. Any nonnegative L}-solution u of system (\1.19ty satisfies (\1.16} with M 
independent of u. 

Proof. We use the idea of [Si Proposition 4.1]. Denote G(x,y), V(x,y) the Green functions 
in Q for —A and —A + q(x). If inf{spec(— A + q)} > 0, by [Zhao, Theorem 8], there exists 
a positive constant C = C(Q,q) such that 

^G(x,y)<V{x,y)<CG{x,y). 

By |BQ Lemma 3.2], we know that 

G(x, y) > C5(x)5(y) for x, y e H. 

So we also have 

V(x,y) > C5(x)5(y) for x,y eTi, 
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for some constant C > 0. Denote <p q (x) the first eigenfunction of —A + q(x) in Hq(Q) and 
X q the first eigenvalue. Recall that 

C\S(x) < (f q (x) < C2<5(x), x G Q, 

for some c\, c 2 > 0. Let w be the solution of the linear equation 

—Aw + q(x)w = <p(x), igSI; w = 0, x G cftl 

If G is nonnegative, then we have 

10=/ > C( / (f>5)5 >C([ <p Vq ) Vq 

Jn Jn Jn 

with C depending only on Q,q(x). Let u be a nonnegative weak solution of system (11. ip . 
Set 



Then we have 



„ n 

Ai= cLi(x) TT«f*V& i3 £ = 1,2, 
^ i=i 



^ > CAi<p hv i = 1,2, • • • ,n. 



n. 



Therefore we obtain 

A:>C| / n V v, I I -'"< I I [ .4'"' XT' I I .4'"'. / 1.2 



' „ n \ n n 



Denote A = (In Ai, \nA 2 , • ■ • , hiv4 n ) T . We have 

(I-P)A > B, 

where B = (C, C, ■ ■ ■ , C) T . Thanks to the assumption (11.61) as to / — P, the solution of 
the linear equation (J — P)A = B has the property: If B < 0, then v4 > 0; If B > 0, 
then A < 0. So we obtain X^=i ^« — Using cp^ as a testing function, we easily obtain 
Yn=i In u W*>i = Yh=i A i - C - Tne P roof is complete. □ 

Now we can prove our existence theorems. The proof is standard, see Q3" . For the 
readers' convenience, we give the details. 

Proof of Theorem 11.51 

(a) This is a direct consequence of Theorem 11.41 and Proposition 15.21 

(b) Let K be the positive cone in X := [L°°(fi)] n and let S : X -> X : = (fa, 2 , • • • , <f> n ) ^ 
u = (u\, U2, •■ • , w n ) be the solution operator of the linear problem 

— Au = 0, in Q, u = 0, on dQ. 

Since any nonnegative solution of (II .ip is in L°° by part (a), the problem (II .ip is equivalent 
to the equation u = T(u), where T : X — > X is a compact operator defined by T(u) = 
S(f (•, u)). Let W C K be relatively open, Tz ^ z for z eW \W , and let i# (T, W) be the 
fixed point index of T with respect to W and (see |AF] the definition and basic properties 
of this index). 

If W £ = {u G K : ||u||x < e} and £ > is small enough, then (11.181) guarantees 
Hi(fi, u) 7^ u for any fi G [0, 1] and u G W £ \ W £ , where 

H 1 (»,u) = »T(u) = S{ t Mf(-,u)). 
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Therefore, 

i K (T, W £ ) = i K (H x (l, ■), W e ) = i K (H x (0, •), W £ ) = i K (0, W £ ) = 1. 

On the other hand, if R > is large, then our a priori esstimates guarantee H 2 (/j,, u) ^ u 
for any /x G [0, Ai] and u G PUr \ Wr, where 

# 2 (/x, U ) = S(f(-,u)+/i(u + l)). 

Using as a testing function we easily see that H 2 (X X , u) = u does not possess nonnegative 
solutions, hence 

MT, = i K (H 2 (X x , ■), W R ) = 0. 

Consequently, ix(T, Wr \ W e ) = — 1, which implies existence of a positive solution of (11. ip . 
The proof is complete. □ 

Proof of Theorem 11.61 

(a) This is a direct consequence of Theorem 11.41 and Proposition 15.31 

(b) Let K,X,W £ be the same as in the proof of Theorem 11.51 (b), let S be the solution 
operator of the linear problem 

— Aui + bi(x)ui = (pi, in fl, 
Ui = 0, on dQ, i — 1, 2, • • • , n 

Let us show that H±(fi, u) ^ u for any // G [0, 1] and u G W e \ W e , where 

F 1 ( yU ,u)=/iT(u) = 5( Ai f(-,u)). 

Assume by contrary u G W e \ W e , H x (fi, u) = u. Then and the standard L^-estimates 
(with z > N/2) guarantee 

n 

Iklloa < cj[ Wu^, z = i,2,--- ,n. 

Similar to the argument in the proof of Proposition 15.31 we have HuHoo > e for e small 
enough. Consequently, 

i K (T, W e ) = i K {H x {l, -),W E ) = i K (H x (0, •), W e ) = i K (0, W e ) = 1. 

On the other hand, if R > is large, then our a priori esstimates guarantee H 2 (fi, u) 7^ u 
for any /x G [0, A&J and u G W^r \ Wr, where 

H 2 (ji, u) = SXAO, u) + /x(mi + 1), / 2 (-, u), • • • , /„(•, u)). 

Using (p bl as a testing function we easily see that H 2 (\b 1 , u) = u does not possess nonnegative 
solutions, hence 

i K (T, W R ) = i K (H 2 (\ bl , -),W R ) = 0. 

Consequently, ir(T, Wr \ W e ) — —I, which implies existence of a positive solution of (II. ip . 

□ 
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